We briefly review recent progress on calculating susceptibilities in planar Ising models.
Introduction
First of all, a project like the current one cannot be undertaken by a single person. We owe a lot to our collaborators, teachers, and colleagues, especially R.J. Baxter, H.W. Capel, A.J. Guttmann, M. Jimbo, B.-Q. Jin, X.-P. Kong, T. Miwa, B.M. McCoy, B.G. Nickel, W.P. Orrick, M. Sato, and T.T. Wu. The literature on the two-dimensional Ising model also is very extended. Therefore, we shall only give limited citations, and encourage the interested reader to consult the quotations in these references. Most of the current work is a brief review of results in Refs. 1-4. The symmetric two-dimensional Ising model is defined by
(σ m,n σ m,n+1 + σ m,n σ m+1,n ).
For this model it is convenient to define elliptic modulus
which is < 1 for T < T c and > 1 for T > T c , with k → 1/k giving the KramersWannier duality transformation. The spontaneous magnetization is simply given by
The calculation of the pair correlation function
is more involved and can be carried out using quadratic difference equations
where C * (m, n) is the dual correlation function obtained by replacing k → 1/k. For the symmetric case (1), these two equations are equivalent. To solve them we need initial conditions. For T = T c , we have
which form was already known to Onsager and Kaufman. 9 For T = T c , C(n, n) and C * (n, n) can be calculated by Toeplitz determinants
where a n = (2nk −1 a n−1 + a −n )/(2n + 1),
for n = 1, 2, · · ·, with the initial conditions
However, it can be done faster by another set of quadratic difference equations due to Jimbo and Miwa. 
High-and Low-Temperature Series for Susceptibility
Very recently, with the help of (5) the high-and low-temperature series for the susceptibility were much extended by the authors of Ref. 2 . In terms of the reduced susceptibility,χ
they found for T > T c , 
The size of the coefficients may look ridiculous at first sight. However, it is well-known to series expanders that the new information in each successive coefficient is often in the last few digits. Near the ferromagnetic critical point, the susceptibility behaves asymptotically as
where (
, and ± stands for T above or below T c . In (16) the ferromagnetic background is given by
whereas, the ferromagnetic scaling amplitudes functions are given by
More coefficients are given in Ref.
2. The last digit in each term above may not be reliable. As we have normalized
, we need to give also the leading susceptibility amplitudes:
Near the antiferromagnetic critical point, the susceptibility behaves as 
The difference ofF + andF − in Eqs. (18) and (19) implies that a suggestion of Aharony and Fisher 11 breaks down in higher order. They had brought up the possibility that there are "no irrelevant variables." This they concluded from the speculation that the Ising model free energy in the critical region can be described entirely by two nonlinear but "analytic" (thermal and magnetic) scaling fields. Then the scaling amplitude can be found to bê
equal above and below T c . We now know that this simple picture is incomplete and that corrections to scaling due to breaking of rotational symmetry must be considered. Indeed, the correlation functions have a kind of multipole long-distance expansion, 12 which can explain the deviations from fourth order on. Very recently, a conformal field theory explanation has also been given. 13 To study the effect in more detail we shall have to study the model on other lattices.
Another interesting feature discussed in Ref. 2 is that the susceptibility has a natural boundary at the critical point, i.e. there exists a closed curve of (essential) singularities fully prohibiting analytic continuation in the complex temperature plane from high to low temperatures. The Ising susceptibility is not differentiably finite, unlike the zero-field free energy and the spontaneous magnetization. This then explains why there is no simple closed form expression available after half a century of research. Yet, we now have algorithms of polynomial complexity, which is as good for numerical analysis.
Baxter's Z-invariant inhomogeneous Ising model
Baxter's Z-invariant Ising model is defined in terms of a set of oriented straight lines carrying "rapidity" variables u i , v j , · · ·. In the scaling limit the scaled correlation function depends on a single distance variable R, as first discovered by Bai-Qi Jin,
This is given in terms of the 2m rapidity variables crossing between the two spins in question. Using the diagonal correlation length ξ d to introduce the scaled distance
we have found the most general form of the scaled correlation functions to be
where the functions F (r) and G(r) satisfy
and the front factor is the square of the spontaneous magnetization for T < T c or k > 1. F (r) and G(r) are the Painlevé functions for the uniform rectangular Ising lattice, 14 see Refs. 1, 4 for more details.
Susceptibility in Z-Invariant Lattice
For a general ferromagnetic Z-invariant lattice with N sites, the susceptibility χ is given byχ
where (m 1 , n 1 ) and (m 2 , n 2 ) run through the possible coordinates of the spins. In periodic cases one of the two sums can be done trivially. In quasiperiodic cases this can only be done asymptotically at the largest distance scale. Hence, in the scaling limit and for both periodic and quasiperiodic Z-invariant lattices,χ becomes
whereF
κ = 1/ξ d = | log k|, and R reduces to
with a, b, and c known constants that can be calculated choosing suitable integer coordinates M and N . Also, g 0 is the corresponding multiplicity factor counting how many spin distance vectors fall exactly or asymptotically within a unit cell in the (M, N ) plane. Therefore,
with t ≡ |T − T c |/T c , giving the exact T > T c and T < T c susceptibility amplitudes for all periodic and quasiperiodic Z-invariant lattices. Note that this result implies that the ratio A + /A − is universal for all periodic and quasiperiodic ferromagnetic Z-invariant Ising models. This may be the first time that this is shown to this generality for the magnetic susceptibility. For the analysis of the long susceptibility series in the isotropic square lattice A + and A − were evaluated to very high precision by Nickel.
Therefore, we can now give A + and A − for the isotropic square (sq), triangular (tr) and honeycomb (hc) lattices to many places, i.e. 
is a product of a factor depending on rapidities and the modulus and a factor which is a universal integral over a Painlevé V function. Hence, the amplitudes are known-in principle-to this high accuracy for all Z-invariant (quasi)-periodic cases. We plan to use these values later to analyze long series for the isotropic triangular and honeycomb lattices, once they are available. We note that the numbers given above agree to a few places with earlier series extrapolations. Four of the six agree to about ten places with those of Wu et al.
14 and of Vaidya. 15 For T above T c , they agree to better than three places with those obtained from the Syozi-Naya 16 approximation, but this can be understood as this approximation is precisely the χ (1) < approximation in Wu et al.
Outlook
We are working to extend and analyze series for other lattices in order to get more information on irrelevant variables in the corrections to scaling, having a preliminary algorithm of polynomial complexity for the isotropic honeycomb and triangular lattices which reproduces the known series coefficients. But more work needs to be done to increase its efficiency, as we will need to go to one to two hundred terms, before being able to see clearly the effect of the irrelevant variables.
We are also looking at the susceptibility of Ising models on Penrose tilings. Finally, we also want to look at the effect of frustration, which occurs in the regime where elliptic modulus k is purely imaginary.
